In this paper, we consider a method for constructing non-binary self-orthogonal codes from symmetric designs with ÿxed-point-free automorphisms. All codes over GF(3) and GF(7) derived from symmetric 2-(v; k; ) designs with ÿxed-point-free automorphisms of order p for the parameters (v; k; ; p) = (27; 14; 7; 3); (40; 27; 18; 5) and (45; 12; 3; 5) are classiÿed. A ternary [63; 20; 21] code with a record breaking minimum weight is constructed from the symmetric 2-(189,48,12) design found recently by Janko. Several codes over GF(5) and GF(7) that are either optimal or have the largest known minimum weight are constructed from designs obtained from known di erence sets.
Introduction
There are several known constructions of linear codes as row spaces of incidence matrices of designs (cf. [12] ). This paper deals with constructions of non-binary linear codes as row spaces of orbit matrices of symmetric designs with ÿxed-point-free automorphisms.
A relationship between 2-(v; k; ) designs with ÿxed-point-free automorphisms of prime order and non-binary self-orthogonal codes was discussed brie y in [11] . This relationship motivated the classiÿcation of self-orthogonal [9; 4] code over GF (7) in connection with Hadamard matrices of order 28 and symmetric 2-(27; 14; 7) designs with ÿxed-point-free automorphisms of order 3 (cf. [9] ). Recently, it was shown by Mackenzie-Fleming and Smith [7] that there are exactly 22 non-isomorphic symmetric 2-(27; 14; 7) designs with ÿxed-point-free automorphisms of order 3.
In this paper, we classify the self-orthogonal [9; 4] codes over GF(7) constructed from symmetric 2-(27; 14; 7) designs with ÿxed-point-free automorphisms of order 3, as well as all ternary self-orthogonal codes constructed from symmetric 2-(v; k; ) designs with ÿxed-point-free automorphisms of order p for the parameters (v; k; ; p) = (40; 27; 18; 5) and (45; 12; 3; 5 (7) . The minimum weight of any of these codes has the largest value among the known codes with the given length and dimension.
A construction method for self-orthogonal codes
A 2-(v; k; ) design D is an incidence structure consisting of v points and b blocks with the property that any block is incident with k points and any two points are incident with exactly common blocks. Consequently, the total number of blocks is b = v(v − 1)=(k(k − 1)), and every point is incident with r = (v − 1)=(k − 1) blocks. The complementary design is obtained by replacing all blocks by their complements. A design is symmetric if v = b, or equivalently, k = r.
A design D can be represented by its incidence matrix A = (a ij ) where a ij = 1 if the ith point is incident with the jth block and a ij = 0 otherwise. Two designs are isomorphic if the incidence matrix of one design can be obtained from the incidence matrix of the other by permuting rows and columns. An automorphism of a design is any isomorphism of the design with itself, that is, a permutation of the points that permutes also the blocks. Alternatively, an automorphism of a design with an incidence matrix A is a pair (P; Q) of permutation matrices such that A = PAQ.
n , where GF(p) is the ÿnite ÿeld of order p, where p is a prime power. The elements of C are called codewords and the weight wt(x) of a codeword x is the number of its nonzero coordinates. The minimum weight of C is deÿned by min{wt(x) | 0 = x ∈ C}. An [n; k; d] code is an [n; k] code with minimum weight d. An [n; k; d] code is optimal if d is the largest possible minimum weight for any [n; k] code over the corresponding ÿeld. The weight enumerator of C is deÿned as c∈C y wt(c) . Two codes C and C over GF(p) are equivalent if one can be obtained from the other by permuting the coordinates and multiplying coordinates by non-zero elements of GF(p). The dual code C ⊥ of C is deÿned as C ⊥ = {x ∈ GF(p) n | x · y = 0 for ally ∈ C} where x · y denotes the standard inner-product.
Let D be a 2-(v; k; ) design with a ÿxed-point-free and ÿxed-block-free automorphism of order q, where q is prime. Note that if the design is symmetric, any ÿxed-point-free automorphism is also ÿxed-block-free. We can reorder the points and blocks so that the incidence matrix A of D is a block matrix of the form
where A i; j is a square circulant matrix of order q with rows indexed by the points in the ith point orbit of the cyclic group , and the columns of A i; j are indexed by the blocks in the jth block orbit of . The (v=q) × (b=q) matrix
where m i; j is the number of 1's in a row of A i; j , is called the orbit matrix of D with respect to . Alternatively, m i; j is the number of blocks from the jth block orbit that contain a given point from the ith point orbit, or equivalently, the number of points from the ith point orbit that are contained in a given block from the jth block orbit.
Proposition 1. Let D be a 2-(v; k; ) design with a ÿxed-point-free and ÿxed-blockfree automorphism of order q, where q is prime. Let A and M be as described in the previous paragraph. If p is a prime dividing r and then the orbit matrix M generates a self-orthogonal code of length b=q over GF(p).
Proof. Since every row of the incidence matrix A has row sum r, and the scalar product of any two distinct rows of A is equal to , we have
Eq.
(1) counts the row sums in M . Eq. (2) counts in two ways the sum of scalar products of pairs of rows of A corresponding to pairs of distinct points from the same ith point orbit of . Eq. (3) counts in two ways the sum of scalar products of pairs of rows of A, one corresponding to a point from the ith point orbit, and the other corresponding to a point from the sth point orbit of . Adding up the ÿrst two equations gives
It follows from Eqs. (3) and (4) that if p divides r and , the row span of M over GF(p) is a self-orthogonal code of length b=q.
Remark. The above proposition was proved in [11, Section 6] in the speciÿc case of 2-(27; 14; 7) designs with a ÿxed-point-free automorophism of order 3, and the general case was described brie y without a proof.
An active area of research in combinatorial designs is the classiÿcation of symmetric designs of various kinds. For small parameters, all symmetric designs are classiÿed up to isomorphism. For larger parameters, the classiÿcation is usually done under some assumption about the automorphism group. Recently, symmetric 2-(v; k; ) designs with ÿxed-point-free automorphisms of order q were classiÿed for (v; k; ; q) = (27; 14; 7; 3); (40; 27; 18; 5) and (45; 12; 3; 5) (cf. [4, 5, 7] ). All these parameters satisfy the assumption in Proposition 1.
3. Self-orthogonal codes over GF(7) from 2-(27,14,7) designs
In this section we investigate the self-orthogonal [9; 4] codes over GF(7) constructed from symmetric 2-(27; 14; 7) designs with ÿxed-point-free automorphisms of order 3 by Proposition 1. It was shown in [7] that there are exactly 22 non-isomorphic symmetric 2-(27; 13; 6) designs with ÿxed-point-free automorphisms of order 3. We use the notation as in [7] for the 2-(27; 13; 6) designs, and we denote the complementary design of a 2-(27; 13; 6) design A by A.
The twenty-two 2-(27; 13; 6) designs give rise to four inequivalent orbit matrices [7, Section 3] . We denote these matrices by A 1 ; A 2 ; A 3 and A 4 , respectively. If A i is an orbit matrix of a 2-(27; 13; 6) design with a ÿxed-point-free automorphism of order 3, then 3J − A i is the orbit matrix of the complementary 2-(27; 14; 7) design with a ÿxed-point-free automorphism of order 3, where J is the all-one matrix. Let C 7 (D 27;1 ); C 7 (D 27; 2 ); C 7 (D 27; 3 ) and C 7 (D 27; 4 ) be the self-orthogonal codes over GF (7) constructed from the orbit matrices 3J − A 1 ; 3J − A 2 ; 3J − A 3 and 3J − A 4 , respectively, by Proposition 1. The weight enumerators of the self-orthogonal codes are as follows: Codes in [9] Designs N 3 A; B; C; D; E and F 3C 3 (9) G; H and I N 15 J ; J 2; K; L; M ; N and O N 16 P; Q; R; S; T and U Thus the four codes are inequivalent. The weight enumerators and the minimum weights of all the codes given in this paper were determined by computer. Some calculations were done using MAGMA (cf. [2] ). There are exactly 22 inequivalent self-orthogonal [9; 4] codes over GF(7) [9] . The codes are distinguished by their weight enumerators (see [9, Table 3] ). Note that the codes with the second and the third weight enumerators have minimum weight 5, and therefore are optimal (cf. [3] ). The results are listed in Table 1 , where the ÿrst column gives the self-orthogonal code over GF(7) in [9, Table 3 ] and the second column gives the designs from [7, Section 3] which generate the given code in the ÿrst column.
Proposition 2. The self-orthogonal [9; 4] codes over GF(7) obtained from the 22 nonisomorphic symmetric 2-(27; 14; 7) designs with ÿxed-point-free automorphisms of order 3 are divided into four equivalence classes. Two of these codes are optimal.
Ternary self-orthogonal codes from 2-(40; 27; 18) designs
In this section, we classify the ternary self-orthogonal codes constructed from symmetric 2-(40; 27; 18) designs with ÿxed-point-free automorphisms of order 5 by Proposition 1.
It was shown in [4] that there are 13 non-isomorphic 2-(40; 13; 4) designs with ÿxed-point-free automorphisms of order 5. The 13 designs are obtained from three orbit matrices [4, Lemma 4.1]. We denote these matrices by A 1 ; A 2 and A 3 . If A i is an orbit matrix of a 2-(40; 13; 4) design with a ÿxed-point-free automorphism of order 5, then 5J − A i is the orbit matrix of the complementary 2-(40; 27; 18) design with a ÿxed-point-free automorphism of order 5. Let C 3 (D 40;1 ), C 3 (D 40;2 ) and C 3 (D 40;3 ) be the ternary self-orthogonal codes constructed from the three distinct orbit matrices 5J − A 1 ; 5J − A 2 and 5J − A 3 , by Proposition 1. respectively. Comparing the matrices, it is easy to see that the codes are equivalent. In this section, we classify the ternary self-orthogonal codes constructed from symmetric 2-(45; 12; 3) designs with ÿxed-point-free automorphisms of order 5 by Proposition 1.
It was shown in [5] that there are 13 non-isomorphic 2-(45; 12; 3) designs with ÿxed-point-free automorphisms of order 5. The 13 designs are obtained from 11 orbit matrices [5, Lemma 6] . We denote these matrices by A 1 ; : : : ; A 11 , respectively. Let C 3 (D 45; 1 ); : : : ; C 3 (D 45; 11 ) be the ternary self-orthogonal codes constructed from the 11 distinct orbit matrices A 1 ; : : : ; A 11 of the 13 non-isomorphic 2-(45; 12; 3) designs with ÿxed-point-free automorphisms of order 5 by Proposition 1.
The parameters and the weight enumerators of C 3 (D 45; 1 ); : : : ; C 3 (D 45; 10 ) and C 3 (D 45; 11 ) are listed in Table 2 . There are exactly two inequivalent ternary selforthogonal [9; 4; 3] codes [8] . Note that the two codes have distinct weight enumerators. Thus C 3 (D 45; i ) (i = 5; 7; 8; 9; 10) are equivalent to C 3 (9) in [8, Table 1 Comparing the generator matrices, it is easy to see that the codes are equivalent. Therefore we have the following: Proposition 3. The ternary self-orthogonal codes obtained from the 13 non-isomorphic symmetric 2-(45; 12; 3) designs with ÿxed-point-free automorphisms of order 5 are divided into six equivalence classes.
The relationship between the codes and the designs is listed in Table 3 . The following is a systematic generator matrix for this code: 
Codes from cyclic di erence sets
In this section, we give some self-orthogonal codes that are constructed via Proposition 1 from symmetric designs obtained from cyclic di erence sets. By construction, any such code is a cyclic code.
Examples of cyclic (v; k; ) di erence sets for k6100 are given in Baumert [1, Table 6 .1]. We consider three symmetric designs with the parameters (156; 125; 100), (400; 343; 294) and (820; 729; 648). Let D 156 ; D 400 and D 820 be the complementary designs of the symmetric designs obtained from the cyclic di erence sets with parameters (156; 31; 6), (400; 57; 8) and (820; 91; 10) given in [1, Table 6 .1]. Let C p (D i ; q) be the self-orthogonal code over GF(p) obtained from the orbit matrix of D i by considering a ÿxed-point-free automorphism of order q by Proposition 1.
• The 2-(156; 125; 100) design D 156 : The design has the cyclic permutation of length 156 as an automorphism. We ÿrst consider the ÿxed-point-free automorphism 78 of order 2. An orbit matrix is the 78 × 78 circulant matrix with the following ÿrst row: 
